Time dependent solutions of the coupled Einstein -model equations are studied analytically and numerically. We analyse in detail a spherically symmetric self-similar solution which describes the general relativistic collapse of a global texture. In view of the cosmological implications of the texture scenario for large scale structure formation, we derive exact analytical formulae for the light de ection, photon red shift and density uctuations in the gravitational eld of this texture solution. We also discuss the behavior of collisionless particles. Numerical results of a parameter study of other texture solutions are presented and are compared with the special self-similar solution.
INTRODUCTION
In a series of recent papers the viability of a new mechanism for producing large-scale inhomogeneities in an initially homogeneous Universe has been investigated 1, 2, 3, 4, 5] . The new proposal is based on the same general idea as the cosmic string scenario, namely that the inhomogeneities of the Universe might have been induced by topological defects which formed during a phase transition in the early Universe. It is, however, assumed that textures ( 3 -defects) | instead of cosmic strings ( 1 -defects) | were the original seeds for structure formation. This alternative was partly motivated by some serious di culties encountered in the cosmic string picture. In particular, improved calculations have shown that the scale of the string network appears to be too small to lead to the formation of the observed structures.
At this early stage the texture scenario looks quite promising. One of the attractive features is the resulting power spectrum for the density perturbations 6, 7, 8] , which has more power both on small and large scales than the standard CDM model with biasing, but leads to the same predictions on intermediate scales. This seems to be exactly what is needed on observational grounds 10] . (See also the recent review 11] of the observational contraints for the power spectrum of primordial density uctuations.) Similar results might be obtained in a scenario with global monopoles ( 2 {defects) 9].
As for any other model of galaxy-formation the upper limits on the microwave background anisotropies represent a crucial test for texture seeded structure formation. The predicted anisotropies are still under investigation. Preliminary results for CDM and dust show that small scale uctuations are strongly suppressed, but on scales of 10 -20 degrees peaks with amplitudes T=T (1 ? 5)10 ?5 are predicted and about 5 to 10 such peaks are expected all over the sky 12] . In these calculations it is, however, assumed that recombination never took place, because it is expected that early formation of collapsed small objects would probably reionize matter at high red shifts ( 200) . It may well be that the theoretical expectations will soon come into con ict with new observations. Without reionization the texture model would already be in serious di culties.
The collapse of textures has rst been studied in at space and in an expanding Friedman Universe. In this context the metric perturbations were evaluated in linearized approximation for an exact spherically symmetric at space texture solution 3]. As a rst step this procedure is certainly justi ed, given the fact that the only parameter entering the coupled eld equations is the small number 8 ( =m Pl ) 2 , where is the vacuum expectation value of the Higgs eld and m Pl is the Planck mass. For grand-uni ed-theories typical values of are of the order of 10 16 GeV. Successful structure formation requires a value of 5 10 ?4 6] which yields of this order. The metric perturbations computed in Ref. 3] , and also the gauge{invariant metric potentials given in Ref. 5 ] diverge logarithmically at large distances andnor large times, implying that the linearized approximation is no longer valid in this region. This fact lead us to look for solutions of the coupled Einstein-model equations and to calculate the interactions of the collapsing texture eld with matter and radiation. We found two spherically symmetric collapse solutions 13], for which all dependences on the time t and the radial coordinate r are given by functions of r=t (for suitable gauge choices).
The coupled eld equations reduce to two, respectively, three ordinary di erential equations, which can easily be solved numerically. Our suspicion, that the two solutions might be connected by a complicated coordinate transformation turned out to be true. Both forms are, however, useful for practical applications. Independently Barriola an Vachaspati 14] derived the coupled eld equations in another set of coordinates, which are also connected to our coordinate choice by a complicated transformation.
The present paper contains a more complete discussion of our self-similar solution and we study in detail the interaction of the gravitational texture eld with matter and radiation. In addition, we have developed a code for numerical integration of the coupled partial di erential equations that describe the spherically symmetric collapse of textures and some results of a parameter study will be presented. We hope that these are useful ingredients for more detailed investigations of the texture scenario. The paper is organized as follows: In section 2 we give the basic equations and in section 3 we present the ordinary di erential equations for self-similar con gurations for two very di erent coordinate choices. Since both forms are useful we discuss in detail their equivalence. In addition, we give some results of a parameter study of numerical solutions of the partial di erential equations describing spherically symmetric texture evolution. In section 4 the interaction of matter and radiation with the collapsing textures is studied. We calculate the de ection of light, the red shift for photons and derive an exact solution for the uid equations of CDM and dust in the self-similar texture eld. A similar discussion is presented for the Liouville equation describing collisionless matter. In all cases the validity of the linearized approximation can easily be controlled.
BASIC EQUATIONS
As in all papers on the texture scenario for large-scale structure formation 3], we consider here In many circumstances it is a good approximation to replace the potential term in (0.1) by the con-
The dynamics is then determined, subject to this constraint, by the rst term of (0.1) and is highly non-trivial. Mathematically,~ (x) describes harmonic maps from the spacetime manifold (with metric g and corresponding covariant derivative r ) into the vacuum manifold of (0.1), which is a 3-sphere. Such maps can be grouped into homotopy classes. In particular, the eld con gurations which have a well-de ned limit at spacial in nity, fall into classes of the third homotopy group, 3 (S 3 ) = Z, of the vacuum manifold. The integers of this group correspond to the winding number, dened by the induced map from the compacti ed three-dimensional space S 3 into the vacuum manifold.
In the {model approximation we can still use the action (0.1) but has now the meaning of a Lagrange multiplier. The eld equations are then r r ~ + (r ~ r ~ )~ = 0: (0.2) (We chose the units such that the vacuum expectation value of the Higgs eld is equal to one.) The energy-momentum tensor is T = r ~ r ~ ? 1 2 g r ~ r ~ :
Our basic dynamical equations are (0.2) and Einsteins eld equations with expression (0.3) for the energy-momentum tensor. The only parameter, appearing in these coupled eld equations, is the number de ned earlier.
For later discussions, the following remark has to be kept in mind. In what follows, spacetime indices always refer to the orthonormal frame 
SOLUTIONS OF THE EINSTEIN -MODEL EQUATIONS
In this section we investigate rst in detail a self-similar solution of the coupled system and then present results of a numerical study of the partial di erential equations for (r; t); a(r; t) and b(r; t).
Self-similar solutions
Guided by the fact that a self-similar solution exists in at spacetime, we tried the following ansatz , which remarkably turns out to be compatible with the coupled eld equations: (r; t) = f(r=t); a(r; t) = A(r=t); b(r; t) = B(r=t): The critical point is always at x = 1 and we have f(1) = =2. This condition determines the slope f 0 (0). For reasons which will become clear in the next subsection, let us also discuss !{gauge in the variable t=r = 1=x u. In terms of u the evolution equations for f and ! are 
Equivalence of the two gauges
Before we discuss the solutions of the coupled ordinary nonlinear di erential equations, we show that there exists a coordinate transformation connecting the self similar solutions in AB gauge (metric (0.6)) and in ! gauge (metric (0.30)). Let us denote in this subsection the coordinates in AB gauge with capital letters, A=A(X), B=B(X), X=R/T and in ! gauge with small ones, ! = !(x), x = r=t. Let us now discuss in which part of parameter space our gauges are actually regular. As we found numerically (see Fig. 3 ) and as can be inferred from the basic equations, A x!1 ! 1 and thus (AB){gauge becomes singular for x ! 1, or t ! 0.
It is a little less obvious that also !{gauge becomes singular at t = 0. Not the metric itself diverges but the second fundamental form is not continous at t = 0. To see this, we rst note that ! is an even function of x. Thus d! dt = =2r ; The only gauge discussed in this paper which is regular in a vicinity of t = 0 is!{gauge. This gauge is thus an extension of !{gauge to positive times. In linearized approximation it breaks down at t r. For small values of we can thus expect this gauge to be regular until t r.
When we want to discuss the behavior of matter and radiation in Section 4, we shall be most interested in the induced perturbations due to a collapsing texture. At very early times t 0 we start with a homogenous and isotropic distribution of matter and radiation and we want to calculate the resulting distribution long after texture collapse. To do this safely we need a gauge which is regular at t = 0 and we shall thus mostly work in!{gauge in the next section. (Although we shall call it !{gauge where there is no danger of confusion.)
The numerical solutions for the two gauges
We discuss rst the results in the second gauge. In Fig. 1 we show the amplitude f of the~ -eld (eq.(0.18)) for various values for the coupling constant . The smallest value = 10 ?4 corresponds to a typical GUT scale, while the others are chosen in order to illustrate the role of gravity. In all cases, f is close to the at space solution (0.29). The asymptotic value f(1) always overshoots (very slightly for = 10 ?4 ), which means that the solution cannot be lifted to the compacti ed three dimensional space. The metric coe cient !(x) is plotted in Fig. 2 for the same values of . Its monotonic decrease from !(0) = 1 to an asymptotic value ! 1 for j x j! 1 can be deduced rigorously from the basic equations. It is instructive to compare ! 1 with the result of the linearized theory (0.46) which is equal to 1 ? . Even for unreasonably large the di erence is less than 10%. As a result, the energy density of the~ -eld is also changed very little.
In the rst gauge the function f(x) is almost the same. Fig. 3 shows plots for the metric functions A(j x j), B(j x j). Their monotonic increase follows immediately from (0.21) and (0.23). The asymptotic divergence of A is related to the relatively slow decrease of the energy-momentum tensor, which implies a diverging total mass at large r.
The physical interpretation of our solutions is as follows: For t < 0 and x = r=(?t) > 0 the solution describes a shrinking texture which will collapse and unwind at t = 0. Clearly the event of collapse and unwinding at (r; j t j) (1= ; 1= ) cannot be described within the -model approximation since in this regime the scalar eld~ leaves the 3-sphere and is "pulled over the potential barrier". A full description of this process is very complicated. Nevertheless, from physical arguments we expect the unwinding process to be very short and very concentrated so that for r 1= ~ never leaves the 3{sphere and thus the -model approximation should be very reliable for all times including t = 0. We can approximate the solution after the collapse (t > 0) by appropriately patching together the -model solutions in such a way that the winding number vanishes, as it was done for at spacetime 3]. The result is shown in Fig.xx . For comparison, we recall the analytic solution for = 0, which is also plotted in Fig. xx: f = 2 arctan( r t ) + ; r < t = 2 arctan( t r ) + ; r > t:
(0.51)
Note that the rst derivative of this solution is discontinuous at r = t > 0: This unphysical feature is shared by our exact solution. For the reason we have just discussed, this should, however, not be disturbing, because it re ects the failure of the -model in describing the unwinding process, (within the -model the winding number is conserved !).
Non self-similar solutions
We have investigated also non-self similar spherically symmetric solutions in AB gauge. For the numerical study it is convenient to write the coupled system of partial di erential equations (corresponding to eq. The strategy for solving this hyperbolic, mixed initial-, boundary-value problem is the following: We give (r; 0) and (r; 0) on N spacial lattice points at t = 0. Having numerically computed the rst and second derivative of with respect to r, we solve the 2N coupled ordinary di erential equations (0.55) and (0.56) and obtain a(r; 0) and b(r; 0). Next we propagate the system one time step t, by solving the 3N evolution equations (0.52)-(0.54) for , and b, taking the boundary conditions at r = 0 and r = r max into account. After a further di erentiation of (r; t) with respect to r we obtain a(r; t) from b, , 0 and by integrating eq. (0.55). Finally we check the constraint equation (0.56). Now we evolve , and b again with (0.52)-(0.54), compute the spacial derivative of and integrate (0.55) to obtain a, b, and at 2 t, and so on. After each step we make sure that the relation t= r respects the hyperbolic characteristics of the system. We wrote two codes in order to perform the time steps, one of which implemented a modi ed MacCormack predictor-corrector scheme 15, 16, 17] . For a short description of this method we also refer to Ref. 18] . The results of both methods coincide. The main numerical instabilities arise from the numerically computed derivatives of with respect to r at the boundaries.
INTERACTION WITH MATTER AND RADIATION
The viability of the texture scenario depends on the interaction of the texture eld with matter and radiation. This is the subject of the present section.
Light de ection
First, we discuss the light de ection in the gravitational eld of the collapsing texture and give some details for the second gauge. The self-similarity is responsible for the fact, that it is possible to derive a di erential equation for null geodesics, which involves only the variable u as a function of the angle ' (we take # = =2). Writing the metric in terms of v(r; t) = ln(t) and u(r; t) = t=r, the Lagrangian reads (now = @=@ , where is the proper time) 
Photon red shift
As it was the case for the light de ection, it is also possible to express the red shift in terms of the self similar coordinate u. In ! gauge, the relevant quantity _ t (a dot denotes the derivative with respect to the proper time) can be written with the help of (0.59) as We expect E = 0 for such photons. The damping of the signal due to expansion and especially due to photon di usion as long as photons are coupled to matter is calcutated in 12].
Density uctuations
In this subsection we discuss the evolution of texture seeded density uctuations in the gravitational eld of our self-similar solution. For the special case of CDM or dust it will turn out that we can solve the highly nonlinear coupled equations exactly. First we set up the basic hydrodynamic equations for an ideal uid in both gauges. For the (A,B)-gauge these can be obtained directly from the form (0.9) and (0.10)for the energy-momentum balance. Relative to the orthonormal tetrad (0.8) the four-velocity for a spherically symmetric ow has the components In the linearized approximation we nd for in = 0 (1 + ) for both gauges This con rms our results for dust, (0.96). In !-gauge no velocities are induced. The density enhancment is only due to the shrinking of 3{volume in the missing solid angle geometry.
To obtain qualitative results for hot particles and radiation let us discuss (0.100) in rst order perturbation theory. We set We thus see that hot particles do not accumulate around a texture to arbitrary high densities (as long as 1). The change in the energy momentum variables of hot particles is of the order of ! 0 and thus remains small for all times in contrary to cold particles or dust, where the density perturbation is proportional to ! ?2 ? 1 and thus can become very large.
The above results for = o and n=n o tell us that each relativistic particle aquires an energy shift on the order of in the vicinity of a collapsing texture. This agrees with our exact result (0.78) on photon redshift.
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